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We analytically calculate the optical emission spectrum of
nanolasers and nano-LEDs based on a model of many in-
coherently pumped two-level emitters in a cavity. At low
pump rates, we find two peaks in the spectrum for large
coupling strengths and numbers of emitters. We interpret
the double-peaked spectrum as a signature of collective
Rabi splitting, and discuss the difference between the split-
ting of the spectrum and the existence of two eigenmodes.
We show that an LED will never exhibit a split spectrum,
even though it can have distinct eigenmodes. For systems
where the splitting is possible, we show that the two peaks
merge into a single one when the pump rate is increased.
Finally, we compute the linewidth of the systems, and
discuss the influence of inter-emitter correlations on the
lineshape. © 2019 Optical Society of America

https://doi.org/10.1364/0OL.44.001415

It is a well-established fact that the interaction of light and
matter depends on the environment of the electric field and
the emitters. By placing emitters in photonic cavities, it is pos-
sible to increase or decrease the spontaneous emission rate [1]
and manipulate the emitter-field coupling strength. When this
coupling strength becomes large enough to overcome the losses
of the system, an excitation can be exchanged multiple times
between the emitters and the field before it decays, giving rise to
Rabi oscillations [2,3] and a splitting of the cavity transmission
spectrum. This may involve a single emitter interacting with
the cavity or multiple emitters acting coherently to create a col-
lective Rabi splitting (CRS). These phenomena have been seen
in transmission experiments involving several two-level atoms
in a cavity [4], which, in the low excitation limit, are analogous
to a classical resonant dispersive medium in a cavity [5] and a
single trapped atom in a cavity [6,7]. Rabi splitting has also
been observed in micro- and nanocavities with incoherently
pumped single emitters [8—12], and this has been successfully
modeled in, e.g., [12,13]. Here, we present a model for a large
collection of incoherently pumped two-level emitters in a cavity
and show that CRS can occur in this system. Our model is
relevant for nanolasers and -LEDs, which have gained much
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interest in recent years [14—16] as ideal candidates for inte-
grated light emitters for optical interconnects [15] and on-chip
optical circuits [16]. We find a condition for strong coupling
and collective eigenmode splitting equivalent to that in [8—11],
but identify a separate condition for the optical emission spec-
trum to exhibit two peaks. We further find that the magnitude
of the eigenmode splitting and the position of the peaks of the
spectrum depend on the pump rate, and predict a transition
from strong to weak collective coupling as the pump rate in-
creases similarly to the case of a single-emitter laser [12].
Importantly, we find that there is a correlation between a
double-peaked spectrum and the possibility of lasing.

As in [17], we consider a collection of Ny > 1 identical
two-level emitters in a single-mode cavity of resonant angular
frequency @, with no detuning between the emitters and cavity
mode. We describe the dynamics of the operators 4 for the elec-
tric field, 7 = Zf\i’l 9; for total polarization, and N,, N, for
the excited and ground state populations by the Maxwell-
Bloch equations [18]:

a=Qu-ka+F, (1)
5= _%b—i—ﬂof(]ve—]vg)&—i—ﬁw @
N, =y (PN, - N,) - Q@'+ "2) + Fy, (3)

Ny =-1y(PN,-N,) + Q@0+ 2'a) + Fy . (4)

Here, € is the vacuum Rabi frequency, and 2« is the decay rate
of the cavity mode. The decay rates of the polarization and
upper-level population are y, and y, respectively, and y P
is the pump rate. The factor f denotes the average of squared
couplings between emitters and cavity mode, which may be
combined with ©; to give the effective emitter-field coupling
strength g:=(Q2 f)'/?, and F o is the Langevin force associated
with the operator & = {4,7, N,, N, }.

Using Egs. (1)—(4), we found in [17] equations for the mean
dynamics of the binary products of operators for the photon

number (n):=(2'2), population inversion (N):=(N€)—(Ng),
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emitter-field correlation (Z):=(2"%) + (#72), and inter-emitter
correlations (D) := Z#j(@j 9;)/ f. While (X) is often adia-
batically eliminated under the assumption y; > 2k, leading
to a negligible contribution from D, we forego this assumption,
giving four coupled equations instead of the typical two. Thus,
we include collective excitation trapping [19,20] in our model.

Here, we aim to describe the steady-state spectral character-
istics of the system, which were inaccessible in our previous ap-
proach, by considering the Fourier components of the operators.
We will focus primarily on the region of pump power below and
near threshold, where (7) < V) and stimulated emission plays
only a small role, meaning the influence of population variations
on the photon number is negligible, as in [21]. Hence, the pop-
ulation inversion operator N = N, - N ¢ is replaced by its
mean value V:=(/N). From Egs. (1) and (2), we then obtain
the following expressions for the Fourier components of the
field and polarization operators:

(k - iw)d(w) = Qo) + F (@), ®)

(% _ ia)> w) = Qyfa(w)N + F (). (6)

By solving Egs. (5) and (6) for #(w) and ?(w) and evaluating
inverse Fourier integrals, we can then compute the steady-state
photon number (7) = (2'2) and the emitter-field correlation
() = (a"9) + (972) in terms of level populations. Upon
inserting these results into the equation for the steady state
population inversion N, we can derive analytical expressions
for all three as functions of the pump rate, and these are exactly
the same as we found in [17] using another method. In this
approach, however, we gain access to the optical emission
spectrum.

In general, the steady-state mean intra-cavity photon
number can be written as the integral over the optical emission
spectrum 7,,. From Eq. (5) to (6), it can be shown that

gzlee
(0? - 0})(0* - 0?) ’

(7)

Ny =

where the @, are given by

B 2
w0yt =i : 7 /2% 1 6“) +¢N. (®)

Observe that the roots wi depend on the steady-state
population inversion &V, implying that if NV is less than

Ngi= - (2k - 71)*/(16¢%), (9)

the @ have non-zero real parts. The two Lorentzians consti-
tuting the spectrum (7) then have central frequencies away
from the cavity resonance, corresponding to two distinct
coupled modes. As long as the w. are purely imaginary, the
spectrum exhibits a single peak, which becomes increasingly
narrow as the pump rate increases [Fig. 1(a)]. However, when
@, obtain sufficiently large real parts, the spectrum splits
into two peaks [Fig. 1(b)]. Note that the spectrum does not
necessarily exhibit two peaks even if the @, have non-zero real
parts: only if V is smaller than the critical inversion

4> +v% 1/2c vy,
No=- 20 _ (K Ty 10
c ng 2(7l+2K> th ( )
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Fig. 1. (a), (b) Normalized emission spectrum Eq. (7) at different
values of the normalized pump rate P, computed using Ny = 150
emitters; kK =80y, and y, =19. (@ g = IOyﬁ and
b) > = lOOyﬁ. (c) P versus squared coupling strength at the same
values of Ny, k, and y;. Included are graphs of Pg, (red dashed),
P_ (blue full), and P (black dashed). The points correspond to
the graphs in (a) (full) and (b) (open). (d) Parameter space (2x,7,)
at Ny and g% as in (b) with a contour plot of the magnitude |Cy|
of the inter-emitter correlations at 2 < 1. The curves show parameter
values where the maximal splitting is constant. The point shows the
parameters used in (b).

will the splitting be resolved. Here, NV y,:=ky, /2¢* is the semi-
classical threshold value of the population inversion. When the
pump rate increases, so does NV, and therefore the two peaks in
the spectrum eventually merge to one [Fig. 1(b)].

The critical population inversion (10) corresponds to a criti-
cal pump rate P,. In Fig. 1(c), P. is plotted as a function of g2,
along with the vertical line corresponding to Ny, = IV and the
pump rate Pg; at which the stimulated and spontaneous emis-
sion are equal. Though it is beyond the scope of this Letter to
discuss laser thresholds, Pg; can approximately indicate the
range of pump rates above which lasing is possible, so we find
four distinct regions of interest: (i) where the coupling is so
weak that Ny, > N, meaning the system will behave as an
LED, i.e., it will exhibit no threshold kink in () or significant
decrease in linewidth; (ii) where the coupling is strong enough
that the system can achieve lasing at larger P, but not strong
enough for the spectrum to split; (iii) where the coupling is
sufficiently strong and the pump sufficienty weak, so the
spectrum exhibits two peaks but not yet lasing; and (iv), where
the pump rate is strong enough for stimulated emission to
dominate spontanecous emission and lasing can be achieved.
Depending on our choice of parameters, region (iii) can be
closer to or farther from region (i), though it can never cross
the vertical limit between regions (i) and (ii). We can conclude,
therefore, that a system described by this model, which cannot
achieve lasing at high pump rates, will not exhibit a splitting of
the spectrum at low pump rates. Conversely, a split spectrum at
low pump rates implies that lasing should be possible at larger 2.

Since the minimal population inversion is NV = -V when
P = 0, we can deduce from Eq. (10) that the spectrum exhibits
two peaks at low pump if and only if V. > -N,, equivalent to
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8¢° Ny > 4k* + 13, (11)

Thus, only when the product of the number of emitters and the
single emitter-field coupling strength is sufficiently large will
the spectrum be split at low pump rates. This allows an inter-
pretation of the phenomenon as a collective Rabi splitting of
the spectrum, due to the strong coupling between the field and
all emitters. Indeed, the system can be said to be in the collec-
tive strong-coupling regime as long as N < N, i.e.,, P < P..

In the literature, the collective strong-coupling regime is
often defined by the splitting of the eigenmodes, which occurs
when N < Ny. This is possible if and only if

gv/No > [2x = y1l/4, (12)
which happens only for P less than a certain pump rate,
denoted Pg. In Fig. 1(c) Py is plotted with a dashed black line,
and we see that this always lies above the full blue curve asso-
ciated with P.. This means that the existence of two eigenm-
odes is a necessary but not a sufficient condition for CRS in the
optical emission spectrum. It is worth noting that the area
under the dashed black line may overlap with region (i) in
Fig. 1(c), so it should be possible for an LED to exhibit eigen-
mode splitting, though it will never exhibit a double-peaked
emission spectrum.

Regardless of whether one chooses to define the collective
strong coupling regime via (11) or (12), we see in Fig. 1(c) that
it is possible for the system to transition from strong to weak
coupling by increasing the pump rate.

The condition (12) is equivalent to that typically used to
demarcate the region of (collective) strong coupling in theory
and experiments regarding transmission spectra of cavities con-
taining resonant two-level emitters [4,6,22], and incoherently
pumped single emitters [8—11]. In [10,12,23], the CRS is also
seen to decrease and vanish as the intensity of the incident light
is increased. It is interesting that we find a similar behavior in
our model, and that the exact same condition appears for col-
lective eigenmode splitting, especially since our model includes
emitter—emitter correlations, which lead to excitation trapping
[17,19,20] in the intra-cavity photon number.

To examine the relative effect of the inter-emitter correla-
tions, let us define a coherence parameter C:=(D)/(N,). In
steady state, this is negative at low pump rates, which is related
to the excitation trapping found in [17], and it takes its min-
imal value Cy when P — 0. In Fig. 1(d), |Cy]| is plotted over
the parameter space (2, y ) for a fixed coupling strength ¢ and
number /N of emitters equal to those used in Fig. 1(b), along
with two curves associated with constant values of the maximal
splitting Q... of the spectrum: the full curve shows the (2,7 ),
where Q.. is zero, while the dashed curve corresponds to a con-
stant Q.. equal to that observed in Fig. 1(b). We see that we
may obtain the same maximal splitting regardless of the ratio
2k/y, of decay rates, but |Cy| shows that in the bad cavity case
2k/yy > 1, we require a larger amount of inter-emitter coher-
ence to obtain this splitting than in the good cavity case (note
that the spectrum amplitude is not unchanged along these curves,
so the photon number (7) will not be invariant). Associated with
the critical pump rate P, we find that CRS can occur only when
C < -x(1+x%)/(1 + x)3, where x = 2x/y,.

Finally, we will discuss the case where the spectrum exhibits
a single peak, i.e., when NV > NV, and it makes sense to define
the linewidth of the emitted light in the usual way as the FWHM
of the spectrum. From Eq. (7), we find for the linewidth
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Fig. 2. Linewidth (a) and photon number (b) versus normalized
pump rate for a fixed coupling strength of g* = 4yj and decay rates
(2x,71) = (2007, 107}). The numbers of emitters used are Ny =
500 for the full blue line and Ny = 100 for the dashed red line.

Aw = ZK% [r— L+ + (r- 1)2} 1/2, (13)

where
8¢ (N, -N) _ Ny -N
= = .
(2K+}/J_)2 Nth_Nc

In Fig. 2, the linewidth A found from (13) is shown as a func-
tion of the pump rate for two different values of N, along with
the mean intra-cavity photon number (7). For the full blue
graphs, Vo > N, and we see a rapid decrease in Aw along with
a sharp increase in () as P increases, in accordance with the
transition to lasing. On the other hand, for the red dashed
graphs, the linewidth shows only a slight decrease, and the pho-
ton number saturates as the pump rate increases. This is because
Ny < Ny, for these graphs, whereby lasing is impossible: in-
deed, the linewidth and photon number results replicate the
behavior of an LED rather than a laser.

In a system where Ny, < IV, we see that » << 1 for large
pump rates, and Eq. (13) can then be approximated by

~2'<+nr_< 267, >2 hay N,
2 2k + | <Pout) N[h'

In this expression, (P,,.) = hwy2x(n) is the mean power of the
light exiting the cavity. Equation (15) is similar to expressions
for the linewidth of a laser above threshold at zero detuning
found elsewhere [24,25], except for a factor of 1/2, which does
not appear in Eq. (15). This is a known discrepancy, attributable
to the neglect of population fluctuations above threshold [26]:
This approximation is valid only below threshold [27,28], where
the non-linearity associated with stimulated emission gives a rel-
atively small contribution. Apart from this factor, our model thus
reproduces results for the lineshape found in other models.
We have considered a quantum Maxwell-Bloch equation
model for nanolasers and LEDs, and analyzed their steady state
in terms of the Fourier components of the operators for the
field and polarization, including collective effects, but neglecting
fluctuations of level populations. We found that the steady-state
characteristics are exactly equivalent to a previous approach [17],
and we obtained an analytic expression for the emission spec-
trum. It was seen that the emission spectrum could behave in
qualitatively different ways: when the coupling strength and
number of emitters are small, the spectrum has a single peak for
any pump rate, while if the coupling strength and the number of
emitters become large enough to satisfy the inequality (11), the
spectrum exhibits two peaks at low pump rates. We found that

(14)

Aw (15)
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the splitting decreases with increasing pump rate, and we have
derived the exact values of the population inversion and the as-
sociated pump rate at which the two peaks merge into one. A
similar effect was seen in transmission spectra using atoms [4-6],
where a linear, classical model is enabled by the ability to directly
change the number of emitters in the cavity [5], unlike here. We
have identified the splitting of the spectrum as a CRS, and sug-
gested the occurrence of this phenomenon as a way to define
collective strong coupling. In conjunction with this, we have dis-
cussed another possible definition of collective strong coupling in
terms of eigenmode splitting, and derived an analytical condition
(12) for this to occur. The latter condition is equivalent to that
found in the literature regarding Rabi splitting in transmission
spectra of many emitters in a passive cavity excited by a resonant
external field [4,22]. In [13,29,30] the authors also suggest the
splitting of the eigenmodes as the way to define whether a system
is in the strong-coupling regime, but those authors, like us,
deduce that this allows for a situation where the system is in
the strong-coupling regime while the spectrum has only a single
peak. In particular, we have shown that it is possible for LEDs to
have two distinct eigenmodes, while it is impossible for LEDs to
exhibit a split emission spectrum.

In the case where the spectrum exhibits only a single peak, we
have derived an analytical expression for the width of the peak,
and we have found an approximate result for the linewidth of a
lasing system at high pump rates, which is similar to the reduced
Schawlow—Townes linewidth found in the literature regarding
the linewidth of micro- and nanolasers [24,25]. The integrated
emission spectrum yields a mean intra-cavity photon number
that agrees with that derived from the steady-state Maxwell—
Bloch equations, including excitation trapping, and our model
describes both systems that behave like lasers, with threshold
kinks in (7) and a sudden reduction of Aw, as well as systems
that behave like LEDs, where the photon number saturates at
high pump rates, and the lineshape narrows only slightly.

By considering the relative importance of the inter-emitter
correlations, which are related to the excitation trapping ob-
served in (), we found that a larger amount of coherence be-
tween the emitters is needed to see the same splitting in a
system with a poor cavity (2k > y,) compared to one with
a good cavity (2k < y;). We can qualitatively interpret this
as collective coherence helping to overcome the bad cavity
to obtain CRS. This indicates a connection between the emitter
cross-correlations and the CRS that has not been studied be-
fore, which certainly merits further investigation in the future.

Our results contribute to the understanding of spectral and
noise properties of quantum optical devices, and they can be
expanded upon in straightforward ways: for instance, it would
be interesting to include inhomogeneous broadening of the
gain medium, and to connect our current model to the regime
of few and single emitters. We believe that our predictions
should be readily verifiable in experiments with current tech-
nology, and we would welcome experimental tests of our model.
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Foundation (RSF) (17-19-01532).
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